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Statistical Thermodynamic Treatment of Multilayer
Adsorption–Migration Kinetics

Michael C. Fong¤

Lockheed Martin Missiles and Space, Sunnyvale, California 94089

The transient multiple-layer (multilayer) adsorption and adsorption–migration phenomena are described with
a statistical thermodynamicmodel. The key postulate for this model is that the transient process can be delineated
by considering perturbation of the grand canonical ensemble characterizing either a multilayer adsorption or
adsorption–migration system. Also, the derivative of the site partition function or adsorption site number (molecu-
lar coverage) for a given layer is affected only by the site distribution of its own layer and the two nearest-neighbor
layers. With these postulates, differentiation of the grand partition function with time results in a system of � rst-
order differential equations in terms of adsorption site numbers that describes the transient multilayer adsorption
or adsorption–migration process. Its solution determines the time-varying layer-by-layer deposit buildup on a
smooth surface under constant molecular impingement. In either the adsorption or adsorption–migration case,
the statistical thermodynamicsolution hasbeen proven to be equivalent to that based on the classical kinetic theory,
which has been veri� ed by laboratory test data.

Nomenclature
Ai = adsorption coef� cient; Eq. (41)
ai = xi ¡ xi C 1 site available for the i th layer
Di = desorption coef� cient; Eq. (45)
Ei = i th layer desorption energy
Emi = energy of migration; Eq. (47)
Fi = normalized migration function [Eq. (42)], . fi ¡ 1 ¡ fi /=x0

F¤ = migration function; Eq. (46)
fi .´/ = migration function; Eq. (38)
h = Planck constant
I j = moment of inertia of the j th rotational degree of freedom
k = Boltzmann constant
Ln = con� guration quantity: line, area, or volume for

n D 1, 2, or 3; Eq. (27)
Mi j = migration coef� cient; Eq. (47)
m = maximum number of adsorbed layers at time t
Ni = number of molecules or atoms in i th layer
Pn = incident molecular number � ux (number per second)
P = pressure
Qs = grand partition function
qi = partition function for the i th adsorption layer
qrt = rotational partition function
qtr = translational partition function
qvb = vibrationalpartition function
R = universal gas constant
Si = i th layer sticking coef� cient
S¤

i = i th layer sticking coef� cient; Eq. (36)
T = temperature
t = time
Ui = potential of adsorption
V = volume
xi = number of adsorbed molecules in the i th layer
x0 = total number of bare surface sites
x0

i = number of adsorbed molecules under equilibrium
condition; Eqs. (5) and (38)

yi = number of migrating molecules in the i th layer
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y0
i = number of adsorbed molecules under equilibrium

condition; Eq. (38)
®i j = partition function term; Eq. (11)
¯i j = migration constant; Eq. (47)
1´i = migration perturbationvariable
1»i = adsorption perturbationvariable
´i = site element in the i th layer (referring to yi )
µi = surface coverage parameter, .xi ¡ xi C 1/=x0 or

[.xi ¡ 1 ¡ xi / C .yi ¡ 1 ¡ yi /]=x0
Pµ j = derivative of µi with time
¸i = total activity for i th layer, ¹i =kT
¹i = chemical potential
¹0

i = unit pressure chemical potential; Eq. (30)
»i = site element in the i th layer (referring to xi )
¾ = symmetry number; Eq. (28)
¾0 = number of molecules in a monolayer; Eq. (25)
¿a = lattice � uctuation time ¼10¡13 s
¿i = residence time of adsorbed molecules in the i th layer,

¿a exp.Ei =kT /, i D 0, 1, 2, : : :
¿ ¤

i = i th layer residence time; Eq. (36)

Introduction

B OTH the equilibrium single-layer (Langmuir) and multilayer
[Brunauer, Emmett, and Teller (BET)] adsorption problems

have been treated extensively with the statistical thermodynamic
approach by various authors.1¡3 However, much less attention has
been accorded their transient counterparts, that is, the adsorption
kinetic process (or time-dependentdeposit accretion) from the ini-
tial bare-surface state to the equilibrium state. In this paper, we
present a transient statistical thermodynamic solution of adsorption
kineticsby assuming that the adsorptionprocess remains in a quasi-
equilibrium state but allows small perturbation of thermodynamic
quantities. This perturbation approach is applicable not only to the
single-layeror multilayer adsorptionkinetic process, each of which
involves a constant incident molecular � ux, but also to the com-
bined adsorption and interlayer migration processes. The objective
of this paper is to prove the validityof this relaxationscheme, in that
the time-varying statistical thermodynamic solution is equivalent to
the solution based on the classical kinetic theory, which has been
compared satisfactorilywith laboratory test data.4;5

In accordance with the statistical thermodynamic theory, a gen-
eralized adsorption–migration system can be described by a grand
canonical ensemble comprising the thermodynamics variables V ,
T , and ¹1 , ¹2, ¹3, : : : , with N1 , N2 , N3, : : : � uctuating about their
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mean values. Our approach to the transient adsorption–migration
problem is 1) to utilize a perturbation adsorption variable for each
layer to ascertain the time-varyingpropertiesof the grand canonical
ensemble and 2) to differentiate the grand partition function with
time from which a system of differential equations describing the
adsorption or adsorption–migration kinetics can be obtained. The
solutions to these differential equations describe the transient ad-
sorption or adsorption–migration process based on the statistical
thermodynamic theory.

In the ensuing sections, the basic scheme for our transient sta-
tistical thermodynamics model is � rst discussed, followed by a de-
scription of the solutions for multilayer adsorption and adsorption–

migrationkinetics.The well-provenkinetic theory resultsdiscussed
in Refs. 4 and 5 are used to establish the validity of the transient
statistical thermodynamic model.

Transient Statistical Thermodynamics Model
The grand partition function for a generalizedadsorptionkinetics

system (grand canonical ensemble) can be expressed as follows:

Qs.xi ; x0; T / D
am

ai D 0

x0!qa1
1 .q1q2/

a2 ¢ ¢ ¢ m
i D 1

qi

am

a0!a1! ¢ ¢ ¢ am!
(1)

where

ai D xi ¡ xi C 1 (2)

represents the net sites available for the i th layer and where xi is
the number of adsorbed molecules in the i th layer. In anticipation
of using Qs , we made use of the maximum-term approximation
method in statisticalthermodynamics,in that the logarithmof a sum
can be approximated by the maximum term in the sum. Hence, the
probability for the maximum term can be expressed as follows:

Qs.xi ; x0; T / D
x0!q x1

1 q x2
2 ¢ ¢ ¢ q xi

i ¢ ¢ ¢ q xm
m

.x0 ¡ x1/!.x1 ¡ x2/! ¢ ¢ ¢ .xm ¡ 1 ¡ xm /!xm!
(3)

where xm represents the adsorption site number of the uppermost
adsorption layer. It is seen that Eq. (1) or (3) is in a generalized
formwithout explicitlyexpressingthe time-dependentfeatures.The
fraction on the right-hand side of Eq. (1) or (3) indicates the num-
ber of degenerate eigenstates or the number of adsorbed molecules
distributed over available sites in each layer. Also, the adsorbed
molecules are treated as spherical pseudoatoms that undergo inter-
layer molecular bombardments and exchanges.

To formulate a transient adsorption theory, we postulate that the
adsorption site distribution over each layer is characterized by its
average site number (or coverage value) without considering de-
tailed interactions within the layer. As discussed in Refs. 4 and 5,
the average site number of the i th layer, along with its deriva-
tive, under dynamic equilibrium conditions, is affected only by its
nearest-neighborlayers.This nearest-neighborrelationshipis shown
metaphoricallyin Figs. 1 and 2 where the particles (or sites) belong-
ing to the i th layer directly cover only the (i ¡ 1)th layer and the
i th layer is directly covered only by the particles belonging to the
(i C 1)th layer.For the more generaladsorption–migrationproblem,
interlayer migration (molecular hopping) to and from other layers
is added to the adsorption–desorption mode.

Adsorption Kinetics

To consider the adsorption–desorption kinetic problem � rst, the
i th-layer average site number xi can be expressed in terms of the
nearest-neighborsite quantities as follows:

xi D xi .»i ¡ 1; »i ; »i C 1/ (4)

where »i ¡ 1, »i , and »i C 1 represent the site element terms of the
i th and neighboring layers. To ascertain the time-varying behavior
of the grand canonical ensemble (denoted by the grand partition

Adsorption and desorption

Migration to and from upper layers

Fig. 1 Sketches showing bare-surface molecular adsorption and mi-
gration.

Adsorption and desorption

Migration from upper layers

Migration to upper layers

Fig. 2 Sketches showing upper-surface molecular adsorption and mi-
gration.

function), we introduce a perturbation variable for adsorption as
follows:

xi D x0
i C 1»i (5)

where x0
i is the number of adsorbed molecules under equilibrium

conditions,xi is the time-dependentnumberof adsorbedmolecules,
and 1»i is the perturbationvariable. Note that under equilibriumor
steady-stateconditions, xi is the same as x0

i in Eq. (3). Substitution
of Eq. (5) into Eq. (3) results in

Qs D
x0! m

i D 1
q.xi ¡ 1»i /

i
m
i D 0

[.xi ¡ 1»i / ¡ .xi C 1 ¡ 1»i C 1/]!
(6)
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With the aid of Stirling’s approximation for factorials

N ! D N N ¡ N (7)

and the chemical potential relation

¡ @ Qs

@xi x0 ;T

D ¹i

kT
; i D 1; 2; : : : (8)

where ¹i is the maximum chemical potential for the i th layer, layer-
by-layer differentiation of Qs with respect to xi produces the
following system of equations4:

¸i qi .1»i ¡ 1 ¡ 1»i / ¡ .1»i ¡ 1»i C 1/

D ¸i qi .xi ¡ 1 ¡ xi / ¡ .xi ¡ xi C 1/; i D 1; 2; : : : ; m (9)

where both x0 (for i D 1) and ¸i D exp.¹i =kT /, which is total activ-
ity, are independentof time. Note that derivationof Eq. (9) includes
the assumption @1»i =@xi ¿ 1. The left-hand side of Eq. (9) can be
expressed in a matrix form as follows:

¸1q1 ¡.1 C ¸1q1/ 1 0 ¢ ¢ ¢ 0

0 ¸2q2 ¡.1 C ¸2q2/ 1 0 ¢ ¢ ¢ 0

0 0 ¸3q3 ¡.1 C ¸3q3/ 1 0 ¢ ¢ ¢ 0

0 0 0 : : :

:::
:::

0 ¢ ¢ ¢ ¢ ¢ ¢ 0 ¸m ¡ 1qm ¡ 1 ¡.1 C ¸m ¡ 1qm ¡ 1/

0 ¢ ¢ ¢ ¢ ¢ ¢ 0 0 ¸m qm

1»0

1»1

1»2

:::

1»m ¡ 2

1»m ¡ 1

(10)

or

®11 ®12 ®13 ¢ ¢ ¢ ®1m

®21 ®22 ®23 ¢ ¢ ¢ ®2m

:::
:::

®m1 ®m2 ®m3 ¢ ¢ ¢ ®mm

1»0

1»1

:::

1»m ¡ 1

(11)

where

®i i D ¸i qi ; ®i;i C 1 D ¡.1 C ¸i qi /; ®i;i C 2 D 1

®i;i ¡ h D 0; i > h ¸ 1

®i;i C k D 0; k ¸ 3

1»m D 0 (12)

Thus, each row on the left-hand side of Eq. (9) has no more than
three terms as shown here:

®111»0 C ®121»1 C ®131»2

®221»1 C ®231»2 C ®241»3

:::

®i;i 1»i ¡ 1 C ®i;i C 11»i C ®i;i C 21»i C 1

:::

®m ¡ 1;m ¡ 11»m ¡ 2 C ®m ¡ 1;m1»m ¡ 1

®m;m 1»m ¡ 1 (13)

Basedon thepostulatethat thedistributionof adsorbedparticlesover
the i th layer is dependent only on the properties of its immediate
neighboring layers (upper and lower), the total differentialof xi can
be written as

dxi D @xi

@»i ¡ 1
d»i ¡ 1 C @xi

@»i
d»i C @xi

@»i C 1
d»i C 1 (14)

As discussed in Ref. 4, the right-handside of Eq. (14) is the same
as Eq. (13), where 1»i is conceptually the same as the differential

d»i . With this argument, the derivative of xi with respect to time t
over the residence time ¿i for each layer can be expressed as

dx1

dt
¿0 D ®1 11»0 C ®1 21»1 C ®1 31»2

dx2

dt
¿1 D ®2 21»1 C ®2 31»2 C ®2 41»3

dx3

dt
¿2 D ®3 31»2 C ®3 41»3 C ®3 51»4

:::
dxi

dt
¿i ¡ 1 D ®i;i 1»i ¡ 1 C ®i;i C 11»i C ®i;i C 21»i C 1

:::
dxm ¡ 1

dt
¿m ¡ 2 D ®m ¡ 1;m ¡ 11»m ¡ 2 C ®m ¡ 1;m 1»m ¡ 1

dxm

dt
¿m ¡ 1 D ®m;m1»m ¡ 1 (15)

where ¿i is de� ned as

¿i D ¿a exp.Ei =RT / (16)

Furthermore,thepartialderivatives@xi =@»i can be correlatedwith
the partition function terms ¸i qi from Eqs. (10–14), yielding the
following:

@xi

@»i ¡ 1
D ®i;i D ¸i qi ;

@xi

@»i
D ®i;i C 1 D ¡.1 C ¸i qi /

@xi

@»i C 1
D ®i;i C 2 D 1 (17)

We can then express Eq. (15) as follows:

dx1

dt
¿0 D ¸1q11»0 ¡ .1 C ¸1q1/1»1 C 1»2

dx2

dt
¿1 D ¸2q21»1 ¡ .1 C ¸2q2/1»2 C 1»3

:::
:::

dxi

dt
¿i ¡ 1 D ¸i qi 1»i ¡ 1 ¡ .1 C ¸i qi /1»i C 1»i C 1

:::
:::

dxm ¡ 1

dt
¿m ¡ 2 D ¸m ¡ 1qm ¡ 11»m ¡ 2 ¡ .1 C ¸m ¡ 1qm ¡ 1/1»m ¡ 1

dxm

dt
¿m ¡ 1 D ¸mqm 1»m ¡ 1 (18)

Finally, the system of generalized immobile transient multilayer
adsorptiondifferentialequations,Eq. (9), canbewritten in thematrix
form as follows:

¿i ¡ 1
dxi

dt
D ¸i qi .xi ¡ 1 ¡ xi / ¡ .xi ¡ xi C 1/ (19)

where i D 0, 1, 2, : : : ; m, and xm C 1 D 0, because there are only m
layers. By expressing xi in terms of a site coverage variable µi , we
have
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µi D .xi ¡ 1 ¡ xi /=x0; i D 1; 2; : : : (20)

where the zeroth-orderlayer x0 indicates the bare surface coverage,
that is, the maximum number of available sites of a bare surface.
The derivatives dxi =dt can be written as

dx1

dt
D ¡ Pµ0

dx2

dt
D ¡. Pµ0 C Pµ1/

dx3

dt
D ¡. Pµ0 C Pµ1 C Pµ2/

:::

dxi

dt
D ¡

i ¡ 1

j D 0

Pµ j (21)

where the negative sign indicates site reduction. It follows that
Eq. (19) can be written as

¡ Pµ0¿0 D ¸1q1µ0 ¡ µ1

¡. Pµ0 C Pµ1/¿1 D ¸2q2µ1 ¡ µ2

¡. Pµ0 C Pµ1 C Pµ2/¿2 D ¸3q3µ2 ¡ µ3

:::
:::

¡
i ¡ 1

j D 0

Pµ j ¿i ¡ 1 D ¸i qi µi ¡ 1 ¡ µi

:::
::: (22)

and the correspondingmatrix equationof Eq. (22) can be expressed
as follows:

¡
i ¡ 1

j D 0

Pµ j ¿i ¡ 1 D ¸i qi µi ¡ 1 ¡ µi ; i D 1; 2; : : : (23)

In Ref. 1, the adsorption matrix equation derived based on the
classical kinetic theory is of the form

¡
i ¡ 1

j D 0

Pµ j D
PnSi ¡ 1

¾0
µi ¡ 1 ¡ µi

¿a
exp ¡

E i ¡ 1

RT

i D 1; 2; : : : (24)

where Pn is the incident number � ux (number per second) onto all
layers, Si ¡ 1 is the sticking coef� cient for the (i ¡ 1)th layer, ¾0

is the number of molecules for a monolayer (or total coverage or
sites, the same as x0 ), and the exponential product term is de� ned
by the residence time expression in Eq. (16). It is seen that for
Eqs. (23) and (24) to be equal (that is, the statistical thermodynamic
and kinetic theory results being the same), the followingexpression
must be true:

¸i qi D Pn¿i ¡ 1Si ¡ 1=¾0 (25)

To prove this equivalence, we should � rst point out that in our
multilayer adsorption scheme, we consider a time-dependentBET-
type adsorption of incident molecules, where a sticking coef� cient
or accommodation coef� cient for each layer is used to indicate the
molecular interactionproperties.Hence, we startoutby determining
the statistical thermodynamic properties of the incident molecules
for each layer and then establish correlationwith the kinetic theory
results, that is, Eq. (25). As in the classical statistical thermody-
namic theory, a harmonic oscillator model is utilized to describe
the generalized polyatomic (including atomic) multilayer adsorp-
tion characteristics.The present harmonicoscillatormodel involves
translational, rotational, and vibrational partition functions with n

degrees of freedom, where n D 1, 2, or 3 (the electronic partition
function is not included here). Note that some of these modes may
not be present for particular cases, such as the absence of the ro-
tational partition function for the monatomic case with n D 1. The
total partition function qi for gaseous molecules active in the i th
layer can be written as

qi D qtrqrtqvb exp.Ui ¡ 1=RT / (26)

where Ui ¡ 1 is potential of adsorption for the (i ¡ 1)th layer where
adsoprtion occurs, and the speci� c partition function expressions
are as follows.

The translational function expression is

qtr D .2¼mkT=h2/n=2 Ln (27)

the rotational function expression is

qrt D 1

¾ ¼
8¼ 3

n

j D 1

I j

1=n

kT h2

n=2

(28)

and the vibrational expression is

qvb D
n

j D 1

exp.¡hv j =2kT /

1 ¡ exp.¡hv j =2kT /
(29)

where ¾ is the symmetry number used to correct for repeated
counting of indistinguishable con� gurations in the classical phase
integral.1

To derivean appropriatestatisticalthermodynamicexpressionfor
the chemical potential parameter ¸i , we need to � rst examine the
chemical potential term ¹i , which can be written as follows:

¹i =kT D ¹0
i kT C P (30)

where ¹0
i is the standard chemical potential of a molecule at unit

pressure with n degrees of freedom and can be expressed as

¹0
i kT D ¡ .qtrqrtqvb=Ni /

D ¡ .2¼mkT=h2/
3
2 .Ln=Ni /.qrtqvb/ (31)

where Ni is number of molecules or atoms in the i th layer. As
indicated in Refs. 1 and 2, the bracketed quantity in Eq. (31) must
have the dimension of pressure,which is why the unit pressure term
is used here (note that for notational simplicity, subscript i is not
used for the partition functions).

To demonstrate the correlation, we consider a general case with
n D 3, where Ln indicates a volume. It follows that

Ln Ni D kT (32)

Then, Eq. (31) becomes

¹0
i kT D ¡ .2¼mkT=h2/

3
2 kT .qrtqvb/ (33)

Substituting the expressions in Eqs. (28), (29), and (33) into the
following ¸i equation

¸i D exp.¹i =kT / D exp ¹0
i kT C P (34)

we obtain the following expression (for n D 3):

¸i D P exp ¡ 2¼mkT

h2

3
2

kT .qrtqvb/

D P
2¼mkT

h2

3
2

kT .qrtqvb/

¡1

D P
2¼mkT

h2

3
2

kT

¡1

£ 1
¾¼

8¼ 3.I1 I2 I3/
1
3 kT

h2

3
2

¡1
3

j D 1

exp.¡hv j =2kT /

1 ¡ exp.¡hv j =2kT /

¡1

(35)
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Furthermore, by combining Eqs. (26), (30), and (34), the ¸i qi

product for the i th layer can be expressed as follows:

¸i qi D exp
¹0

kT
C P qtrqrtqvb exp

Ui ¡ 1

RT

D exp[¡ .qtrqrtqvb=Ni / C P] qtrqrtqvb exp
Ui ¡ 1

RT

D
P

qtrqrtqvb=Ni
qtrqrtqvb exp

Ui ¡ 1

RT

D
P

kT
exp

Ui ¡ 1

RT
D

Ni

¾0
exp

Ui ¡ 1

RT

D
PnS¤

i ¡ 1

¾0
¿ ¤

i ¡ 1 exp
Ui ¡ 1

RT

D
PnSi ¡ 1

¾0
¿a exp

Ei ¡ 1

RT
D

Pn¿i ¡ 1Si ¡ 1

¾0

(36)

In this derivation, we have introduced two tentative adsorption
quantities S¤

i ¡ 1 (sticking coef� cient) and ¿ ¤
i ¡ 1 (residence time), as

well as the incident � ux Pn, to characterize Ni . By using proper
correction factors where needed and noting that Ui ¡ 1 differs from
Ei ¡ 1 only by an hv factor,1;3 it can be established that S¤

i ¡ 1 and
¿ ¤

i ¡ 1 are equivalent to ¿a and Si ¡ 1 . It follows from this derivation
that Eqs. (23) and (24) are identical.

To recapitulate, we have demonstrated that on the basis of the
harmonic oscillator model in statistical thermodynamics, the ¸i qi

quantity can be expressed in terms of macroscopic thermodynamic
functionsused in the kinetic theory approach.As in the equilibrium
case,2;3 the transient BET solution based on the statistical thermo-
dynamic theory is identical to that based on the kinetic theory.4;5

Adsorption–Migration Kinetics

In this case, we postulate that the grand canonicalensemble com-
prises two different types of uncoupled adsorbates, one character-
ized by adsorption–desorption under constant molecular impinge-
ment and the other characterizedby interlayermigration (molecular
hopping to and from other layers). The grand partition function in-
volving these two types of molecules can be expressed as

Qn D
x0!

n

i D 1
q xi

xi q
yi
yt

xm!ym !
n
i D 1[.xi ¡ 1 ¡ xi / C .yi ¡ 1 ¡ yi /]!

(37)

Similar to the adsorption-only problem, Eq. (37) can be consid-
ered to be under equilibrium conditions, where xi and yi may be
written as x0

i and y0
i . By introducingperturbationvariables1»i and

1´i in the site quantities as follows:

x0
i D xi ¡ 1»i ; y0

i D yi ¡ 1´i ¡ fi .´/ (38)

the grand partition function, Eq. (37), then becomes

Qn D x0!
n

i D 1

q.xi ¡ 1»i /
xi

q[yi ¡ 1´i ¡ fi .´/]
yi

.xn ¡ 1»n/!

£ [yn ¡ 1´n ¡ fn.´/]!
n

i D 1

..[jxi ¡ 1 ¡ 1»i ¡ 1j ¡ .xi ¡ 1»i /]

C f.yi ¡ 1 ¡ 1´i ¡ 1 ¡ fi ¡ 1j´/ ¡ [yi ¡ 1´i ¡ fi .´/]g//! (39)

Note that the migration function fi .´/ is introduced to account
for the nonlineareffects of the site product terms that are present for
migrationproblems.5 Layer-by-layerdifferentiationof Eq. (39) then
yields a system of quasi-linear differential equations as follows:

¡
i ¡ 1

j D 0

Pµ j ¿i ¡ 1 D [¸i qi µi ¡ 1 ¡ µi ]

¡ [Fi ¡ 1.µi ¡ 1; fi ¡ 1/ ¡ Fi .µi ; fi /]; i D 1; 2; : : : (40)

where the site-coveragevariable µi , now de� ned as

µi D [.xi ¡ 1 ¡ xi / C .yi ¡ 1 ¡ yi /]=x0; i D 1; 2; : : : (41)

Fi D . fi ¡ 1 ¡ fi /=x0 (42)

is a normalized nonlinearmigration function involvingµi µ j product
terms [see Eq. (46)].

The corresponding transient adsorption–migration quasi-linear
differential equation based on the kinetic theory is expressible in
the following matrix form5:

¡
i ¡ 1

j D 0

Pµ j D .Ai ¡ 1µi ¡ 1 ¡ Di µi / ¡ F¤.µi ; µ j /; i D 1; 2; : : :

(43)

where Ai and Di are adsorptionand desorptioncoef� cients de� ned
as follows.

The adsorption coef� cient is

Ai D . Pn=x0/Si (44)

and the desorption coef� cient is

Di D .1=¿a/ exp.¡E i =RT / (45)

In Eq. (42), F ¤ is a migration function, de� ned as

F¤.µi ; µ j / D [Fi ¡ 1.µi ¡ 1; fi ¡ 1/ ¡ Fi .µi ; fi /]¿¡1
i ¡ 1

D
1

j D i C 1

.Mi; j µi µi ¡ M j;i ¡ 1µ j µi ¡ 1/ (46)

where the migration coef� cient is

Mi; j D .¯i; j =4¿a/ exp.¡Emi=RT / (47)

where ¯i; j is a correction factor for migration probabilities for vari-
ous combinationsof layers i and j . These equations have indicated
that Eq. (40) can be correlatedwith Eq. (43) despite the complicated

Fig. 3 Comparison of DC-704 oil vapordeposition data with transient
adsorption–migration theory (reproduced from Ref. 5).
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functional relationships. Even though extensive numerical details
have not been carried out to correlate the two approaches quantita-
tively, it is quite conclusive qualitatively that these two approaches
will yield the same solution.

The adsorption–migration model was veri� ed by comparing the
predictions with laboratory data for a DC-704 oil evaporation and
condensation test. The laboratory test system included two quartz
crystal microbalances (QCM) for deposition measurements and a
sample cell for producing the source outgassing (or evaporation)
rate, all properly arranged in a bell jar with liquid-nitrogen-cooled
shields under high vacuum conditions (as low as 2 £ 10¡7 torr).4;6;7

The two QCMs were symmetrically located so as to have the same
view factorwith the sourcecell;oneQCM was set at 77K to measure
the total incidentmolecular � ux, whereas the other QCM was set at
various temperatures to measure the correspondingdeposition rates
(or stickingcoef� cients).4 As discussedin Ref. 4, the warm QCM for
the DC-704 test was set at 23.5±C, whereas the source temperature
was allowed to vary, resulting in three incident � uxes, 4:36 £ 10¡10,
2:85 £ 10¡10, and 1:10 £ 10¡10 g ¢ cm¡2 ¢ s¡1 (Fig. 3). It is seen from
Fig. 3, which is reproduced from Ref. 5, that excellent theory/data
agreement is indicatedfor an early stageadsorption–migrationprob-
lem. Note that, for higher deposit buildup, other molecular interac-
tion effects would occur, and the problemis beyond the scope of the
present model.

Conclusions
It has been proven in this analysis that the solution based on the

statistical thermodynamic theory is equivalent to that based on the

kinetic theory in describing the transient adsorption or adsorption–

migration process. In either approach, each adsorbed layer is con-
sidered to be in an average statistically � uctuating state, and the
derivative for the i th adsorbed layer depends only on its own layer
and its nearest neighboring layers. Because the kinetic theory so-
lutions have been veri� ed by test data,4;5 the corresponding solu-
tions with the statistical thermodynamic theory are also valid. The
presentstatistical thermodynamicsolution, therefore,contributesto
strengtheningthe theoreticalfoundationof the transientadsorption–

migration model.
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